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THE H? CORONA PROBLEM AND 4, IN
WEAKLY PSEUDOCONVEX DOMAINS

MATS ANDERSSON

ABSTRACT. We derive a Bochner-Kodaira-Nakano-Morrey-Kohn-Hormander
type equality in holomorphic vector bundles and obtain L2-estimates for 8, in
a pseudoconvex domain that admits a plurisubharmonic C? defining function.
We combine these with the trick in Wolff’s proof of the corona theorem and
obtain a H2-corona theorem in such a domain.

0. INTRODUCTION
Let D be a domain in C" and g; € H*°(D) such that

k
(1) > lgil* > 6% > 0.
1

The problem whether there are u; € H*°(D) such that E’,‘ giu; =1 is known
as the corona problem. The answer is affirmative in e.g. all finitely connected
domains in C, but unknown even in the ball if » > 1. In [11 and 5] are
constructed smooth domains in C3 and C? which have strictly pseudoconvex
boundary in all but one point, but in which the corona theorem fails. However
it follows from [13] that in case of two generators, i.e. k = 2, in a strictly
pseudoconvex domain there is a solution in BMO.

It is clear that if the corona problem is solvable, then to any g € H?(D) there
are u; € H 2(D) such that 3 gjuj = q . In this paper we prove such a theorem in
a pseudoconvex domain D admittinga C? plurisubharmonic defining function
p,ie. p beof class C? in a neighborhood of D, D = {p <0}, dp # 0 on
dD and i@8p > 0 in D. In particular, the domains in [11 and 5] are of
this kind. However, there are examples of pseudoconvex C2? domains without
plurisubharmonic defining function, see [3].

Theorem 1. Suppose D is a pseudoconvex domain in C"* with a C? plurisub-
harmonic defining function. Let g be a j x k-matrix of functions in H*(D)
such that

(2) detgg* > 62> 0.
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Then to every j-column q of functions in H*(D) there is a k-column u in
H?(D) such that

(3) gu=gq

and ||ullg: < Csliqllg2. If j =1 one can take Cs = C,/é'*e+min(n.k=1) where
C, only depends on ||g|lcc, n, k and ¢ > 0.

Note that (2) implies that g is surjective and hence that (3) is pointwise
solvable. In fact it is enough to assume that g has constant rank, the product
of the nonzero eigenvalues of gg* are bounded by 62 from below and that (3)
is pointwise solvable to get the conclusion of Theorem 1, cf. [1].

Since any smooth pluriharmonic ¥ on D has the form y = log|f]> for
some nonvanishing holomorphic f (at least if H!(D, C) = 0), we can apply
Theorem 1 to g/f instead of ¢ and obtain a solution to (3) such that

(4) / lu?e=* §c§/ lg|*e*.
oD aD

If n =1, x can be freely chosen in (4) and this implies, see [2] or [1], that
there is a bounded solution u such that |[u|. < ¢s5ll9llo if ¢ is bounded.

Hence Theorem 1 is equivalent to the corona theorem in the unit disc.

Theorem 1'. Let D be as in Theorem 1. If q and g = (g1,..., &) in
H*>(D) satisfy

(5) |q| < |gll+e+min(n,k—l),

then there is a solution u to (3) in H*(D) such that

/ ule1 dS < C, / e~14S.
oD oD

Again, for n = 1, this implies that there is a bounded solution if |g| < |g|**¢.
This also follows from Wolff’s proof of the corona theorem, see [7].

Corollary. If q = q;q, where q, satisfies (5) and g, € H*(D) is nonvanishing,
then there is a solution u to (3) such that

/ P ds < C, / 2% dS.
oD oD

Our proof of Theorem 1 (and 1), as most proofs of the corona theorem,
is based on an estimate of solutions of a d,-equation. This approach was first
introduced by Hérmander in [10]. Using the Koszul complex one can, in prin-
ciple, reduce the theorem to systems of (scalar-valued) 9- (or d,-) equations,
at least if j = 1. However, unless » = 1 or k < 2, one has to solve, succes-
sively, a sequence of d-equations (involving forms of higher bidegree) and this
seems to lead to considerable difficulties. Instead we reformulate the theorem
as a 0,-problem in a holomorphic vector bundle, following the lines in [12]
(but with @ replaced by 8;), in which L2-estimates for division problems are
treated in a very general setting.

The 9,-equation is treated by a generalization of a variant due to Berndtsson
[2], of the Morrey-Kohn-H6rmander identity (see §3). In [2], this new identity
was used to get L2(8dD)-estimates for the (scalar-valued) 8,-equation. Since we
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need estimates for 9, in a vector bundle, our first aim is to generalize to this
case. This leads to a L2(8D)-theorem for 8, in a holomorphic vector bundle
over a pseudoconvex domain in a Kihler manifold, see Theorem 2 in §4.

However, in order to prove Theorem 1 (and Theorem 1’) we cannot use
Theorem 2 directly since it just deals with a size estimate of the right-hand
side. One also has to take into account an appropriate estimate of derivatives.
This is the trick introduced by Wolff in his proof of the corona theorem, see
[7].

The paper is divided into six sections. After some necessary preliminaries
in §1, we discuss the 9,-equation in §2. In §3 we derive the above-mentioned
equality and show its connection to the Morrey-Kohn-Hormander equality as
well as the Bochner-Kodaira-Nakano equality. In §4 we prove our LZ-estimate
for 0, (Theorem 2) and in the remaining two sections we prove Theorem 1
and Theorem 1’.

1. NOTATIONAL PRELIMINARIES

Let X be a Kihler manifold with fundamental form w, so that dV = w"/n!
is the volume measure on X, and let D = {p < 0} be a relatively compact
domain in X, where p is smooth and dp # 0 on dD. We give 8D the
orientation so that a (2n — 1)-form « is oriented on dD if and only if dp A«
is oriented on X . Then the surface measure dS on 8D is given by dS =
dp/|dp| 1dV on 8D, where inner multiplication _| for forms o and g is
defined by

(1) <aJﬂa)’)=<ﬂ9a/\y)'

Here (, ) isthe induced inner product for forms, i.e. if * is the complex-linear
Hodge star operator, then (a, B)dV = x(a A xB). Note that xx = (—1)?*? on
(p, q)-forms (since X has even real dimension) and that a | B = x(a A x8)
for any 1-form «. If a isa (2n — 1)-form, we have that

) /wa - /BD*(dp/\a)dS/ldpl.

To see (2), notice that dp A x(dp A a)dS/|dp| = x(dp ANa)dp AdS/|dp| =
x(dpANa)dV =dp Aa, and hence both integrands in (2) are equal, considered
as forms on 9D.

If E — X is a holomorphic vector bundle over X with hermitian metric
(, )E,then we get a metric for &, n € &, 4(X, E) (=&(X, AP IT*QF) ie.
smooth E-valued (p, gq)-forms) by putting (a-s, o’ -s') = (a, &'){s, s')g on
composite elements. If s — s’ is the conjugate linear mapping from E to its
dual bundle E*, such that s'-s = (s, s)g, and *: &, 4(X, E) = & ,(X, E*)
by putting *(a-s) = xa -5’ on composite elements, then

3) &, mdv=Eaxn, ¢, ne& (X, E).

Moreover, o & = %@ A %), cf. (5), if o is a I-form and £ any E-valued
form.

For ¢, € &, 4(X, E), one of which has compact support, we have the
inner product

(«:,n>=f<é,n>dV=/éA:n.
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Let D = D'+ D" denote the Chern connection on E as well as on E* (with
respect to ( , )g). Then the formal adjoints (D’)* and (D”)* are given by
(DII)* - _;DIII’ (Dl)t = _;DI;.

If s is a holomorphic section to E then D"(a-s) = (a)-s and therefore
we sometimes write d instead of D" .

2. THE §,-EQUATION

Using the notation from §1 we have
Proposition 1. Suppose n€ &, ;.1(D, E) and £ € &, ;(D, E). Then

(1) /D (D"E, ) dV - /D &, (D"y'nydV = /a (&.0p Im)ds/ldpl.

Remark. Throughout this paper (D”)* denotes the formal adjoint of D" . When
dealing with the D”-Neumann problem (D”)* is an operator with a speci-
fied domain dom(D")*. For instance, (1) implies that n € &, ,(D, E) is in
dom(D")* if and only if dp _I5jsp =0.

Sketch of proof. By (1), (3), and (2) in §1 we have that
| & 00 dmdspap= [ «@pntrmyasyidpl= [ enwm,
aD aD aD
so by Stokes’ theorem and bidegree reasons the right-hand side of (1) equals
Jpd(&AFn)=(D"¢, n)— (&, (D")*n). O
Let f € &, 4+1(D, E). We say that an E-valued form (current) ¥ on 8D
solves Qyu = f if

) /8 (w09 Ja)dS/|dp| = /D () aydV

forall a € &, ;41(D, E) such that (D")*a=0.

Hence, by (1), ¥ must have bidegree (n, g) in the sense that a A 9p has
bidegree (n, g+ 1), and 8 f =0 (since one can take o = ¥y for any d-closed
v) . Notice that

3) luldp = /a [uATpPds/ 1ol

defines a norm for the space of smooth (n,g)-formson 8D, and let L2 4(0D,E)
be its completion with respect to this norm.

Remark. To be more precise, any u € £(0D, A" 9T(X)®E) has an orthogonal
decomposition u = u;+u,, where dpAu; =0 and dp _lu, =0. Thus (n, q)-
forms (currents) V' such that p |V =0 can be isometrically identified with
intrinsic (n, q)-forms (currents) on 9D .

Proposition 2. Let f € &, 4.1(D, E) be D"-closed. Then dyu = f has a
solution in L,z,, ¢(@D, E) with norm C if and only if

2
@ < [ 10p JaPds/ldpl?
oD

/D(f,a)dV

for all (D")*-closed a € &, 4,1(D, E).
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Proof. First suppose there is such a solution u considered as a current such that
dpAu =0, cf, the remark above. Then [,(f, a)dV = [, (u, dp_la)dS/|dp|
so by Schwarz inequality,

/ (f,ayav| < / jul? dS)\dp| / 109 a2 dS/|dp|
D oD oD

which implies (4). For the converse, assume that (4) holds. Define the linear
functional A(@p o) = [(f,a)dV on E-valued (n, q)-forms on 8D of
the form dp | a where (D")*a =0 in D. By (4) it is well defined and L2-
bounded, so there is a u such that [, |u|?/|dp|dS < C? and (2) holds. O

In the next paragraph we shall derive an equality which gives a possibility to
obtain estimates like (4).

2

3. A BOCHNER-KODAIRA-NAKANO-MORREY-KOHN-HORMANDER
TYPE EQUALITY

In the notation from §1, the Bochner-Kodaira-Nokano identity is
(1) (DII)*DII + D/I(DI/)* — (D/)*DI + D/(DI)* + l[e, A]
where A is inner multiplication with the fundamental form w, © is the cur-
vature tensor on E,ie. © = D?, and [, ] denotes commutator.

If X is compact (so that no boundary terms occur) (1) implies the estimate
|D"E||2+||(D")*E||? > (i[®, A, &). If a = i[©, A] happens to be nonnegative
on E-valued (p, q)-forms and f is a D"~closed (p, q)-form one gets [also
using a local regularity result for the elliptic operator O = D (D")* + (D")*D"]
the estimate

2
/(f,é)dV S/(a"f,f)dV/l(D”)*éFdV forallé € £, (X, E),

which means that there is a solution to D"u = f with ||u|?> < f(a”'f, f)dV,
provided the right-hand side is finite.

In a domain D with boundary, one leads to study the D”-Neumann problem
and here the starting point is the Morrey-Kohn-Hormander identity. We will
derive it below from (1). To deal with the 8,-equation on D we need still
another equality (Proposition 7) first found and used in [2] in the case of (0, 1)-
forms (see the remark below) and trivial bundle. This one too will be derived
from (1).

We first note how the various geometrical objects are affected if our original
metric { , ) on E is modified.

Propesition 3. If ( , ) is changed to ( Ye™?, then by obvious use of the index

Q,

(2) (D")** =(D")* + 09,
(3) D, =D'-08¢A,

4) 6, =0+09d¢,

and

(3) (Dy)™ = (D')".
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Any of these follows from well-known identities, see e.g. [8], or by simple
computations.

Now put ¢ = tlog(—1/p) in D = {p < 0} so that exp(—¢) = (—p)' and
dp = O(-1/p). Alsoput (, ), = [p(, )e ?dV. If t > 2, we can, cf.
(2), ..., (5), integrate by parts and obtain

(6)  [ID"ally + I(D")**ally = IDyally + 1(Dy)**ally + i([8 , Ale, a)y

from (1). Our next task is to compute the various terms in (6). We assume that
a€&, oD, E) sothat Dya=0 and [6,, Ala = 8,Aa. Since, by (2),

(D")*® = (D) + 39 = (D")* — 8 p/p))
we get
(D)%l = /D (=p)|(D"Y ol dV

(7
+ 2tRe/(—p)"1((D”)*a, 8p laydv + 12 / (=p)~20p Jaf?dV.
D D

By (4),
(8) 8, =0 -1t33p/p+1tdpAdp/p*.
We need also
Lemmad. If a € &, ,(D, E), then
9) i{BpABpAAa,a)=|0p al.
Lemma 5. If v € &(D), then

[ortvav — [ ydsyidp

when t\, 0.

Taking these for granted for the moment we get from (6), (7), (8) and (9)
that

/ (—p)|D"al?dV + / (=p)I(D")*al? dV
D D
+2tRe / (=p)~ (D")*a, 8p La)ydV
D
(10) +t2/(—p)"2|8pJa|2dV
D
- / (=p) (D) e dV + / (~p)'i(@Aa, a)dV
D D

+ z/(-p)'—l(ia5p AAa,a)dV + z/(-p)'-2|ap JaPdv
D D

for t>2 and a€ &, ,(D, E).
If we now assume that D"a = (D")*a = 0, combine the last terms on each
side of equality (10) and let 1\, 1 we get




THE H? CORONA PROBLEM 247

Proposition 6. Suppose o € &, ,(D, E) and D"a = (D")*a=0. Then
i/(—p)(GAa, a)dV+i/<65pAa, aydV
D D

+ / (=)D al?dV = / 10p a2 dS)\dpl.
D oD

Remark. Suppose D C C". If (, ) is the metric e~¥ on the trivial line bundle
(so that ® = 9dy) and (n, 1)-forms are identified with (0, 1)-forms in the
obvious way, then (11) is exactly Proposition 5 in [2].

In a similar way we can also obtain the Morrey-Kohn-Hormander identity.

Proposition 7. If a € &, (D, E) and 8p lalop =0, then
/|D"a|2dV+/ |(D")*a|2dV=/ |(D")*a|*dV
D D D
+ i/ (03 pAa, o) dS/|dp| + i/(OAa, a)dV.
aD D

Proof. By assumption dp _la = O(—p) so (12) follows from (10) when ¢\
0. O

We conclude this paragraph with proofs of the lemmas.

(11)

(12)

Proof of Lemma 4. Fix a point and (1, 0)-forms w;, ..., w, such that w =
Y wiA®; and dp = w, at this point. We can write a =o' + " = 0, A@; A
y +a”, such that ¥ and o” do not contain @;. Then w; A@W; Aa =o' and
(o, a) = (a/, &) . On the other hand also, |w; Ja|? =|w; Jw, A@ AY]2 =
|y AY|? = |@) Awy Ay)? = |o’|* since @; Ay does not contain w; . This proves
the lemma. 0O

Proof of Lemma 5. We may assume that y has support in some small neigh-
borhood of a boundary point and we let o« be a (2rn — 1)-form such that
dV =dp Aaf|dp| there. Then

‘ /D (=p)~'ydV =1 /D (=p)~'dp A waldp|
=~ [ d(=py nwasidpl = [ oy ndweidp)
D D
- / d(wa/|dp]) = / va/ldp| = [ wds/idp]
D oD oD

where we have used Stokes’ theorem twice. 0O

4. A SOLUTION OF THE 5,,-EQUAT10N

In this paragraph D = {p < 0} is pseudoconvex and p is a C? plurisub-
harmonic defining function. Suppose that the hermitian operator (see [8])

A =i(=p)OA + idTpA

is semipositive on E-valued (n, g + 1)-forms, i.e.

(da, @) >0, a€& 41D, E).
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Then Proposition 6 in §3 provides the estimate
[ e, @)av < [ 1o Japds/idp
D aD

for a €& 441(D, E) such that D"a = (D")'a=0.
If fe€&, ,1(D,E) is 0-closed, we thus get

2
(1) < / A7\f, fyav / 10p o dS/|dp|
D oD

/D<f,a)dV

for a € &, 4.1(D, E) such that D"a = (D")*a = 0. In order to ease the
condition that D"a = 0 in (1), we first, for simplicity, assume that 9D is
strictly pseudoconvex. Then, |a|> < C(iddpAa, a), for a such that dp la =
0 on 8D and since |(BAa, @) < Clal?* (recall that E is assumed to be a
bundle over X) we get from Proposition 7 the Basic Estimate

/|(D')*a|2dV+/ lof2 dS
D oD
gc[/ |D”a|2dV+/ |(D")*a|2dV+/ |a|2dV}
D D D

if 8p_lalsp = 0. This ensures, see [6], regularity for the D”-Neumann problem
and then any o € &, 441(D, E) has a smooth orthogonal decomposition a =
o + o where 8o’ =0 and o is orthogonal to d-closed E-valued forms. In
particular, (D")*a” =0 and 9p _la"|sp =0, cf. the remark after Proposition
1. Thus, if (D")*a = 0 then (D")*a’ = D"a’ = 0 so (1) applies to o’ and
we hence obtain (1) for o as well. If 9D is just pseudoconvex, we can still
decompose a = o + o” as before. Since then o’ € Dom(D"”)* N Dom D"
(in the densely defined operator sense) there are, by Proposition 2.1.1 in [9],
o/ €&, o(D, EynDom(D")* such that o/ — o” in graph norm. In particular
dp Jafflap=0. If o = a—af, then o, — o' in graph norm and dp Jasp =
dp Ja'|ap . Since also (D")*a/} =0, D"a} — 0 and [(f, a}) — [(f, a) one
can proceed as before, but instead using the variant of (11) in which (D")*a
and D"o are not supposed to vanish, cf. (10). By Proposition 2 we then have
proved

Theorem 2. Let E — X be a hermitian holomorphic vector bundle over the
Kdhler manifold X, and let D = {p < 0} be a pseudoconvex relatively compact
domain and p a C? plurisubharmonic defining function. Also suppose that
A = i(—p)OA + id3pA is semipositive on E-valued (n, q + 1)-forms. If f €
&, ¢+1(D, E) is D"-closed, then there is a solution to dyu = f in L} (8D, E)
such that

/ 100 dup?ds/jopl} < / A-Lf, fdv.
oD D

We recall that a bundle E is called Nakano semipositive if (BAa, a) > 0
forall a€ &, (X, E).

Corollary. Suppose E — X is Nakano semipositive, __iagp >dl in D, and y
is smooth and plurisubharmonic. Then if f € &, |(D, E) is d-closed, there is
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a solution u to dyu = f such that

2 / ulPe™¥ dS)\dp| < & / [fPev av.
oD 6 D

In particular, one can let E be the trivial bundle over a domain D in C”
and thus get (2) for (0, 1)-forms f.

5. THE DIVISION PROBLEM

When proving Theorem 1, we assume that ¢ and g are holomorphic in a
neighborhood of D. The general case then follows by a normal family argu-
ment on the solutions in D, = {p < —¢}, since it turns out that the occurring
constants only depend on derivatives up to second order of p near 9D.

Remark. 1t is proved in [4] that any C? pseudoconvex domain admits a C2-
defining function p such that —(—p)" is (strictly) plurisubharmonic in D for
some 7 > 0. Unfortunately, by our method the constants belonging to D, =
{p < —¢} seem to be unbounded when ¢ — 0 so we cannot prove Theorem 1
in this general case. O

We thus have to consider the following situation. An exact sequence 0 —

SLES Q — 0 of hermitian holomorphic vector bundles over X, such that
Jj and g are holomorphic, S is equipped with the metric induced from E,
lg| <1 and detgg* > 62 > 0. The problem then is if for any holomorphic
g€ &, oD, Q) there is a holomorphic solution u € &, o(D, S) to

(1) gu=gq

such that

) [ wpass<ct [ japas
oD oD

To find such holomorphic solutions, we proceed as follows. First we note that
the pointwise minimal solution yq = g*(gg*)~!q satisfies (2). Moreover,
d(yq) = (@y)q is a d-closed (n, 1)-form with values in S, since gdyq =
d(gyq) =9q = 0. The hard step then is to find a v € L2 (8D, S) satisfying
(2) such that d,v = (8y)q in S, i.e. such that

3) / (v, 8p 1&)dS/\dp| = / (@), &V
oD D

forall £ €&, (D, S) such that (D)5 =0.

We now claim that (3) implies that actually 9,v = (dy)q in E. Taking
this for granted for the moment we conclude that 8,(yg — v) = 0 in (the
trivial bundle) E which means that v = yq — v satisfies the tangential Cauchy-
Riemann equation weakly.

This implies that « is the boundary values of a U € H2(D) with norm

U = / Ul ds = / P ds + / val?ds
oD oD oD

(v and ygq being orthogonal) and since gU =g on 9D, it must hold in D.




250 MATS ANDERSSON

Thus our problem is solvable if (and only if) we can obtain (3) such that
the L2(dD)-norm of v is controlled by ([, 14|>dS)!/2. By Proposition 2 this
amounts to verify the inequality

2
<G} [ laPas | 109 1P as/joor
aD 8D

forall £ € &, (D, S) such that (D")*¢ =0.

When trying to prove the estimate (4) one encounters two main difficulties.
Firstly, although E and Q are trivial bundles with trivial metrics in our case, S
acquires negative curvature which must be taken care of. However, it turns out
that the curvature on S becomes nonnegative if the original metric is modified
by a factor e~?, where ¢ is a bounded plurisubharmonic function. Since e? is
bounded, it does not affect the estimates in any essential way. Secondly, even if
we forget about the curvature problems, i.e. consider the scalar-valued case, an
essential difficulty remains. As was mentioned in the introduction, one cannot
use Theorem 2 directly since we must use more information about the right-
hand side in our J,-equation than just a size estimate. Here the Wolff trick
comes into play. Restricted to the scalar-valued case, our “Wolff theorem” can
be stated

@ |[@a.qav

Proposition 8. Suppose f € &, (D) is O-closed, and that there is a bounded
plurisubharmonic ¢ on D such that |(f, a)|* < (idd0pAa, a) and

af
(%)
Jor all (n, 1)-forms o. Then for any holomorphic q there is a solution v €
L2 ((dD) to dyv = fq such that

/ |v|2dS§C2/ al2ds,
oD oD

where C only depends on ||¢|l and D.

n

>

k=1

2
< Ap(iddgAa, a)

This proposition will be proved implicitly in the next paragraph. In the unit
disc the assumption in the proposition is essentially, see [2], that
(1 =1¢P)|f1? and (1 — [{|?)|0f/0z| be Carleson measures, and the conclu-
sion of the proposition implies, cf. the introduction, that there is a bounded
solution.

Proof of the claim above. We actually have to verify that if v € Lﬁ’o(aD, S)
and (3) holds for all ¢ € &, (D, S) such that (D")}¢ = 0, then it also holds
forall a € &, (D, E) such that (D”)ga = 0. However, if p: E — S is the
orthogonal projection, then clearly (3) holds for £ = a — pa. Moreover, if
(D")ya =0, then for any compactly supported n € &, (D, S),

0= /D (D"pa, ) = /D (@, Bn) = /D (par, B = /D (D"Ysper, 1),

so that (D")spa = 0. Hence (3) holds for a = pa+ (a—pa). O
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6. PROOFS OF THEOREMS 1 AND 1’

Let B be the element in & o(D, Hom(S, Q)) such that its adjoint, with
respect to the quotient metricon Q, f* € &, (D, Hom(Q, S)) equals -3y .
Thus our equation to be solved ((3) in §5) becomes d,v = —B*q. Moreover,
since E has no curvature,

(1) Os=B"AB
and since Q has no curvature,
(2) —i(B* ABAE, &) <r(iddyAL, &), (€& (D,S),

where r = min(n, rankS) and y =logdet gg* (note that g* depends on the
metric on Q). We also need the estimate

3) (B*a, &)1 < ~lg*(g8™)~'al*i(B* A BAL, &)

for g € &, 0D, Q) and ¢ € &, (D, S). For proofs of (1), (2) and (3) we
refer to [12].
Recall (Proposition 6 in §3) that

/ (=p)(i(8s + 8T p)Aa, a)e=? dV + / (09 pAa, a)e—? dV
D D

+ / (=p)|(D')*afe* dV = / 10p L af’e=? dS/|dp|
D oD

for a €&, (D, S) if da = (D")*a=0.
Hence if ¢ = (r + &)y and p is plurisubharmonic, we get by (1) and (2)

(@ [=pN@yaterar < [ |optaperds/idp
D oD
and
(5) /( p)i0BpAa, a)e? dV < ﬁ/ 10p _ a?e=? dS/|dp|.
D
From (3) we also get
(6) I(B*a, &)* < |g*(gg*)” ¢I|2 . (133¢A¢ ),

for £ € &,,(D,S) and q € &, o(D, Q). We now claim that Theorem 1
follows from

Proposition 9. If D and p are as in Theorem 1, then

2
* 2 2 2
) ‘/Dw a,8dv SCa/aDlﬂ dS/aDIr?p—lfI ¢ dS

for any holomorphic q € &, o(D, Q) and ¢ € &, 1(D, S) such that (D")*?(e*&)
=09(e?¢) =0

Here Cjs is the constant described in Theorem 1.

Proof of Theorem 1. By the discussion in §5 it is enough to verify (4) in §5 for
(€&, (D, S) such that (D”)*¢ = 0. Note that

(D")*¢=0 iff (D")*(e?8)=0

Putting o = e?¢, (7) then says that
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2
(8) / (B°q, aje~?dV| <C2 / ql2ds / 8p JaPe? ds
D oD oD

for all o such that da = (D")**a = 0. As in §4, we can obtain (8) for all «
with (D")*?a = 0. But this means that (7) holds for all ¢ with (D”)*¢ =0.
Finally e? = (det gg*)"*® < 1 by assumption, and hence we have verified (4)
in§5. O

Proof of Proposition 9. We consider g as a j x k-matrix of holomorphic func-
tions on D and use the norms

g2 =" lgnl?, 187 =) 108 /8¢
w itv

The assumptions on g imply that

9) I(gg™) ™1 $1/6%, 1g*(gg*) "ql* S (1/6%)lg%
If A is the R?"-Laplacian, then
(10) 181?18 < CAlgl*,  &>0.
We also need the inequalities
(1) [eonrravs [ intas
D oD

and
(12) [oirraveravs [ \rieras

D aD

for holomorphic f and subharmonic y . They follow from Green’s formula.
Recall that —B* = 9y = d[g(gg*)~!] so that, for an S-valued &,

—(B*q,¢) =(0g)*(gg") g, &).
We have to estimate

I= / (B°q, &) dA, (D")*?(e°E) = B(eE) = 0.
D

Let x be a smooth function which is identically 1 near D and such that 9p
is nonvanishing on its support. If L = x|0p|~2 Y1(8p/8L;)0/0¢;, then we
can write

1=/D(1—x><ﬁ*q,c>dV—/DL<—p)<ﬂ*q,é>dv,

and an integration by parts in the second integral gives us
1= [a-na.0av+ [ po)sa. Hav
D D
+ [ onEpa, v + [ (p)pLa. aV
D D

+ / (=p)(B*q, (To)E +T&)dV - / (=p)(B°q, Lo€)dV
D D
=lh+L+L+I3+1L+1;s
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where O(1) only depends on derivatives up to second order of p and y, and
where ¢ = (r + ¢)logdet gg*. The proof is concluded by estimating each I;.
By (6) and Schwarz inequality we have that, for i =0, 1,

L2 < / (=p)lg*(gg")"ale? aV / (—p)(i0TPAL, E)e® dV.
D D
Now, cf. (9),

*( o oy — - 1
[ =ple" (e aler @V S sy [ (plapav

1 \? )
() [,

since ¢ is holomorphic (cf. (12) with e.g. w = |{|?). Also
[ pxioBonz, cler dv = [ (-p)ioTpAtere), evele av
D D

and hence by (5), < [;,10p —1&|?¢? dS. Thus we have obtained the required
estimate for Iy and I,. To handle I, first note that

—((LB*)gq, &) =((08)*(gg*) " (Lg)g*(gg*) g, &)
=(B*(Lg)g*(gg*) 'q, &)
so by (6) and (9),
((LB*)q, &)* < |g"(gg*) ' (Lg)g"(g8") "ql*e™?(i0dpAL, £)e?

1 g’ g
5 9202(r+e) §2e (det gg*)l-e lql Oaa(oAé > ¢)€¢.

If g is a row matrix, i.e. j = 1, then detgg* = |g|*> so we can use (10) and
get

1 2 & 2 Ny
P < (5rm) [(-olaaleres [ (-pyioTpns, grer

1 2
S (m) AD|Q|2dSLD|6pJ§|28¢dS.

If j > 1 weestimate 1/detgg* by 1/62 and use the simpler inequality |g'|* <
A|g|? . For simplicity we assume for the rest of the proof that j = 1. To handle
I3, we note that

1) -
(B"La. OF S (5 ) 10/110TpAE, E)e?

and here the first factor is treated by (11) and the second one as before. Further,
we have

L2 < /D (-p)|B*aPe? dV /D (—P)(To)E + Lef2e? dV

2 12 _
S (smmm) [oilimiatar [ oileppeav.

|g|2—28
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The first factor is handled as before and the second one is estimated by (4).
Finally,

1 \? - L
58S (smm) [(-PIEoltiaPar [ -p)ioBonc, v av.
Note that |Lg|?> < |g’|?/|g|* so that the first factor is dominated by
1 |
5 [ PlsPape™ av s o [ gl as

and hence the proposition is proved. O
Proof of Theorem 1’. It is enough to show that

[6ra.qav

D

for all ¢ such that (D”)*¥(e¥&) = 0(e¥¢) = 0, where we have put ¥ = g+ =
(r+¢&')log|g|*+ x and &' is less than the ¢ in the hypothesis of Theorem 1’.

Then most arguments when estimating the left-hand side work as before. We
have just two new difficulties. For the term I; we have

LIS [ -piLal/lgPt e [ (-p)ioBY AL, Sev.
D D
Since |g|2(1+7+9) > |q|2, |g|21+7+¢) > |g|>~¢" and hence the first factor is

< [oaiale < [ (-p)aGa? - e

5/ el‘”‘”_’dS,S/ e % ds.
oD 4D

When estimating Is we show up with a factor
[=onatrowper < [ ot |vupe

< /D (=p)lgl*" IV (log|gP)lPe* + /D (=p)|VaPe® = ay + ay.

2
<c, [ etds / 0p | Ele?+
oD oD

But
a s / (—P)A(gl”" - x)ele” 7 < / e
D aD
and so is a, . This concludes the proof of Theorem 1. O
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